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ABSTRACT
We demonstrate the influence of edge effects on the photothermal-induced phase shift measured by a homodyne quadrature laser
interferometer and compare the experiments with rigorous theoretical descriptions of thermoelastic surface displacement of metals.
The finite geometry of the samples is crucial in determining how the temperature is distributed across the material and how this affects the
interferometer phase shift measurements. The optical path change due to the surface thermoelastic deformation and thermal lens in the surrounding air is decoded from the interferometric signal using analytical and numerical tools. The boundary/edge effects are found to be relevant to properly describe the interferometric signals. The tools developed in this study provide a framework for the study of finite size
effects in heat transport in opaque materials and are applicable to describe not only the phase shift sensed by the interferometer but also to
contribute to the photothermal-based technologies employing similar detection mechanisms.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0015996

I. INTRODUCTION
The dynamic events following light absorption at the surface
of the inspected material contain information on the structure of
matter, its geometry, and its physical and thermoelastic properties.
The temperature changes resulting from optical absorption are
responsible for generating thermoelastic disturbances detectable at
the surfaces of the sample, bringing characteristic signatures of
defects and shape of the system that can be exploited experimentally in several different ways. External and internal boundaries are
accessible in such a system, for example, by monitoring the perturbations caused by heat diffusion at the interfaces1 or by elastic
waves reverberating within the material.2
In practice, the inspected materials have to be prepared as
samples of well-defined finite dimensions, often as small as possible,
especially when the material is expensive or difficult to be produced.
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This, in turn, imposes some limitations on how to model the
response of such samples and compare the model to the measurements to retrieve the unknown sample properties. The lateral heat
flow confinement or the elastic waves reflections from the samples
surfaces are known as edge effects. They become important when
the heat diffusion flow is laterally halted or when the disturbances
reflect from the edges and return to the detection site. The edge
effects are responsible for the scattering of elastic waves propagating inside materials and form the basis of photothermal ultrasound detection systems with applications ranging from biological
imaging3,4 to defect inspection.5,6 Edge effects also have an important
role in material processing procedures.7–9 Several methods including
laser interferometry have been used for investigating surface properties,10,11 local magnetic property deteriorations in metals,12 microdamage evolution,13 fatigue failure,14 mechanical properties,15,16 and
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as optical image hiding method.17,18 This technique reveals how
nanostructured surfaces and structures can be characterized, such as
textured stainless steel,19 Mylar polymer films,20 and biomaterials,
for instance, polymerized hexamethyldisiloxane21 and hydroxyapatite
materials.22,23 Interferometric methods are also used in all-optical
ultrasound detection,24 which can overcome some limitations when
compared with piezoelectric transducers detection in biological
imaging.25,26
In many photothermal interferometric methodologies,
simplified heat transfer treatments are feasible in applications
where the diameter of the sample is much larger than its thickness.
This approximation minimizes the edge effects and the system can be
modeled properly using (semi)analytically solvable, one-dimensional
formulations. On the other hand, finite systems are complex and
require three-dimensional numerical description of the heat propagation and the corresponding thermoelastic deformation. Here, we
report on the edge effects occurring under laser-induced surface
displacements of metals measured by optical interferometry. The
interferometer used in this study, the homodyne quadrature laser
interferometer (HQLI), has a wide dynamic range and a constant
sensitivity.27 It is traceable to the primary standard of length28 and
is thus very accurate in measuring physical displacement of reflective objects as well as changes in the refractive index of transparent
gases. This detector is thus both, a displacement-measuring
device29 and a refractometer,30 exactly what is needed to simultaneously probe the surface bending of a heated reflective solid and the
temperature rise in the gas above the heated sample, since both
information can be encoded into the optical phase difference
(OPD). The HQLI has already been used to detect very fast transients (temporal resolution of about 10 ns),31 where elastic waves play
an important role, and also slow phenomena, such as the creeping of
polymers (total measuring time of minutes)32 and in determination
of the absolute gravity.33 This makes the HQLI a complementary
technique to the thermal mirror (TM) and thermal lens (TL) inspection of materials with a notable difference.34 The HQLI is sensitive to
the absolute displacements and absolute changes of the refractive
index encoded in the OPD, while the TM/TL techniques sense the
relative changes, encoded as the wave front distortion of the optical
probe beam. The notable advantage of using the HQLI is the capability of probing point-displacements,35 while the TM/TL proved to be
independent of the environmental vibrations making this detection
method more robust.34
In this study, the HQLI is used to detect the laser-induced
thermoelastic surface displacement in metals under on/off continuous laser excitation. Heat generated by light absorption on the
surface of the sample builds up and dissipates within the material
and out to the coupling air. The finite geometry of the samples is
crucial in determining how the temperature is distributed across
the material and how this affects the interferometer phase shift
measurements. The optical path change due to the surface thermoelastic deformation and the TL in the surrounding air is decoded
from the interferometric signal using semi-analytical and numerical
tools. The boundary/edge effects are found to be relevant to properly describe the interferometric signals. The tools developed in
this study are applicable to describe not only the phase shift sensed
by the interferometer but also contribute to the photothermalbased technologies employing similar detection mechanisms.
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II. THEORY
Two theoretical approaches were used to model the response
of the specimen and the surrounding air to laser heating of the
sample surface. The first approach gives a neat analytical solution,
often accurate enough to give useful results, especially when the
laser beam diameter is small compared to the dimensions of the
sample and when the heat diffusion has not yet been affected by
the sample boundaries. The second one is a more realistic numerical procedure based on the finite elements analysis (FEA).
In both models, cylindrical symmetry is considered, defined
by the coordinates (r, z, w, t), where r is the axial distance from
the z-axis, w is the azimuth, a problem independent variable, and
t is the time. Three fields of interest are calculated: the scalar temperature rise field in the fluid T f (r, z, t) and in the solid sample
Ts (r, z, t) and the vector displacement field of the sample
u ;~
u(r, z, t). These fields are then used to calculate the optical
phase difference (OPD) Φðr, t Þ, measurable by an appropriate
interferometer.
The main difference between the two models is the geometry
of the problem. The analytical approach assumes two homogeneous
and isotropic half-spaces, a light absorbing solid sample (z . 0) in
contact at z ¼ 0 with a non-absorbing fluid (z , 0). The FEA
model is more realistic, because it additionally takes into account
the exact geometry of the sample (a homogeneous and isotropic
cylinder with a finite radius and a finite height) as shown in Fig. 1,
including the sample mount. Physically, the key novelty introduced
by taking the finite lateral dimension of the sample into account is
the lateral boundary that prohibits an effective lateral diffusion of
heat within the sample.
The surface of the sample is illuminated through the fluid using
a temporally modulated [on–off boxcar-modulated continuous wave
(cw) with the exposure time ξ] Gaussian (TEM00 ) laser beam coinciding with the z-axis and having a radius of we at the surface of the
sample, as shown in Fig. 1. Assuming a temperature independent
reflectivity at the excitation laser wavelength R, the surface reflects a
fraction PR of the laser power P and absorbs P(1  R). The absorbed
light is converted into heat, which is then diffused into the sample
and the neighboring fluid (air). As a consequence of thermal
expansion, the surface is deformed according to the temperature
profile in the sample. Additionally, a thermal lens is induced

FIG. 1. Geometric scheme of the beams in the measurement arm of the
interferometer.
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above the solid sample—the refractive index of the air is temperature
dependent. A simultaneous detection of both, the out-of-plane surface
displacement and the TL of the air was performed by a HQLI.
A. Analytical approach

Q(r). t0 ¼ 0 accounts for the laser-on (0 , t , ξ) and t0 ¼ t  ξ
for the laser-off (t . ξ) excitation regimes. Both the excitation and
the relaxation regimes are recorded experimentally. Using the null
heat-flux approximation, kf  ks , the temperature change, on the
surface at z ¼ 0, is reduced to

1. Temperature fields

Ts (α, 0, t) ¼

The spatiotemporal distribution of the temperature (rise) is
sought for the sample and fluid. It is given by the solution of the
coupled heat diffusion equations,36
@Ti (r, z, t)
 Di ∇2 Ti (r, z, t) ¼ Qi Q(r)Q(z),
@t

(1)

with proper boundary and initial conditions as given in Ref. 37.
Di ¼ ki =ρi c pi is the thermal diffusivity, ki is the thermal conductivity, ρi is the mass density, and c pi is the specific heat for the
sample (i ¼ s) and fluid (i ¼ f ). The heat source in the sample is
Qs ¼ 2P(1  R)f=πcs ρs w2e and Q(r) ¼ exp(2r 2 =w2e ). Since the
fluid is assumed not to absorb any laser light, Qf ¼ 0. The
portion of the absorbed power converted into heat is represented
by f, which in this case is 1 as the absorbed power is completely
converted into heat. For opaque, highly absorbing materials, the
excitation light is assumed to be absorbed only by the surface,
thus one can adopt the Dirac delta function Q(z) ¼ 2δ(z).
The temperature gradients in the fluid and in the sample can be
written in terms of the inverse of Laplace and Hankel transforms as
Ti (r, z, t) ¼

ð1
Ti (α, z, t)J0 (αr)α dα,

(2)

0

where J0 (x) is the Bessel function of the first kind and
ks Q0 Q(α)
Ti (α, z, t) ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ds =Df

ðt

G(α, t  τ)H(α, τ, Di )dτ,

scitation.org/journal/jap

Q0 Q(α) h pﬃﬃﬃﬃﬃﬃﬃﬃﬃi
Erf α Ds t) :
Ds α

(6)

2. Displacement field
The temperature distribution within the solid is used as the
source to compute the thermoelastic displacement of the sample by
solving the thermoelastic equation of motion. The displacement
field u is given by the solution of Ref. 38,
ðλ þ 2μÞ∇2 u þ ðλ þ μÞ∇ð∇ uÞ ¼ γ∇Ts (r, z, t) þ ρs

@2u
,
@t 2

(7)

with free surface boundary conditions of the normal stress
components in the semi-infinite plane, σ rz jz¼0 and σ zz jz¼0 . Here,
λ ¼ Eν=½(1 þ ν)(1  2ν) and μ ¼ E=2(1 þ ν) are the Lame’s constants, γ ¼ (3λ þ 2μ)αT , E is the Young’s modulus, αT is the linear
thermal expansion coefficient, and ν is the Poisson’s ratio of the
sample. The last term on the right-hand side of Eq. (7) represents
the inertia term yielding an elastic wave motion. This term can be
neglected37 as the elastic waves described by the inertia term are
not observed experimentally since the detector averages them out
due to its relatively long response time.35 The normal component
of the displacement vector at the sample surface, uz (r, z ¼ 0, t), in
null flux approximation, can be written for the semi-infinite
sample as
uz (r, 0, t) ¼ 2(1 þ ν)αT

(3)

ð1

α2 f (α, t)J0 (αr)dα,

(8)

0

t0

where
in which G(α, t) and H(α, t, Di ) are given by the inverse Laplace
transform of G(α, s) and H(α, s, Di ), respectively, as
(
H(α, t, Di ) ¼

δ(t),
jzjexp[Di α2 tz 2 =(4Di t)]
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
,
3
4πt Di

z ¼ 0,
z=0

(4)

Published under license by AIP Publishing.

 pﬃﬃﬃﬃﬃﬃﬃ
1
Erfc α Ds τ dτ:
α
t0

(9)

ðt
t0

!
1
1  pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ dτ,
1 þ tc =2τ

(10)

where tc ¼ w2 =4Ds , θ ¼ P(1  R)(1 þ ν)αT f=(ks λ p ), and λ p is
the wavelength of the probe beam. The effect of neglecting the
heat-coupling in the determination of the surface displacement is
discussed in Ref. 37.
B. Finite element analysis (FEA)
(5)

Here, κ ¼ (k2s  k2f )Ds Df =(k2s Df  k2f Ds ), Erf(x) is the error function, and Q(α) ¼ (w2e =4)exp(  w2e α2 =8) is the Hankel transform of
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ðt

For r ¼ 0, Eq. (8) reduces to
λp 2
uz (0, 0, t) ¼ θ
2π tc

and
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃ  pﬃﬃﬃﬃﬃpﬃﬃ
ks Df
Ds Erf α Ds t
G(α, t) ¼
2
2
ακ(ks Df  kf Ds )
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpﬃﬃi
2 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 eα κt Ds  κ Erf α Ds  κ t
pﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ  pﬃﬃﬃﬃﬃﬃpﬃﬃ
k f Ds

Df Erf α Df t
2
2
ακ(ks Df  kf Ds )
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpﬃﬃi
2 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 eα κt Df  κ Erf α Df  κ t :

f (α, t) ¼ Q0 Q(α)

The heat transfer and thermoelastic equations, Eqs. (1) and (7),
were also solved using FEA with Comsol Multiphysics 4.2a software,
which provides numerical solutions to the differential equations with
the realistic boundary conditions imposed by the experiments.
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The temperature and the displacement obtained with FEA are compared with the analytical solutions, Eqs. (2) and (8). We assumed
that the mechanical and thermal properties of the sample do not
change much as the temperature rise induced by the excitation laser
is not large.
C. Optical phase difference (OPD)
The surface deformation of the sample and the change of the
refractive index of the air nf (r, z, t) surrounding the sample due to
heat coupling can be simultaneously measured by the interferometer. This information is encoded in the OPD generated between the
two arms of the interferometer. The combined OPD is
Φðr, t Þ ¼ Φs ðr, t Þ þ Φf ðr, t Þ:

(11)

The first contribution
Φs ðr, t Þ ¼

4π
uz (r, 0, t)
λp

(12)

is the OPD induced by the normal thermoelastic deformation of
the sample surface given by Eq. (8). The second contribution
4π dnf
Φ f ðr, t Þ ¼
λ p dT

ð0
1

Tf (r, z, t)dz

(13)

scitation.org/journal/jap

incident and reflected power at the excitation wavelength and used to
correct the absorbed power by the samples.
B. Excitation
The experimental setup is illustrated in Fig. 2. The samples
were excited by a cw Gaussian TEM00 laser beam (Coherent, Verdi
G7, OPSL at 532 nm) arranged practically colinear to the measurement arm of the interferometer so that the angle between the
excitation and the probe beams was ,1 . The mechanical shutter
(SRS, Model SR470) was placed at the focus of lens L2 and used
to control the excitation exposure time (ξ), i.e., the laser-on/off
transients. The rise/fall time was approximately 7 μs. Lens L3 was
placed to recollimate the beam. A small amount of the excitation
light was then extracted by the beam sampler (BS) and sent to the
photodiode PD (Trigger) (Thorlabs, Model DET10A/M) to
trigger the digital oscilloscope (Tektronix, Model DPO 4102B)
that recorded the data. Lens L4 was used to focus the excitation
beam at the sample surface with a radius we ¼ 646 μm. The laser
beams radii at the sample surface position were measured with a
beam profiler (Thorlabs, Model BP104-UV).
C. Detection
The HQLI was employed to monitor the magnitude of the
thermal expansion and the effect of TL above the sample due to
laser excitation. It uses a stabilized and linear polarized He–Ne

is an additional OPD the interferometer senses as a consequence of
the heating of the surrounding air,34 where Tf (r, z, t) is given by
Eqs. (2) and (3). Here, the temperature coefficient of the fluid
refractive index at λ p , dnf =dT, is assumed temperature independent. Since dnf =dT for the air at normal conditions is negative,
heating the air lowers its refractive index. The probing beam, therefore, propagates faster through the heated air that effectively shortens the time needed for the probing beam to return back and
interfere with the reference beam. The same happens when the
sample surface moves toward the incoming probing beam. Thus,
the OPD induced due to air heating in front of the sample adds to
the OPD created by the bulge due to thermal expansion.
The interferometer gives direct access to the time-varying
OPD, also called a phase shift, at a selected off-axis distance r. The
physical parameters of the sample and the fluid in Φðr, t Þ can be
rearranged in terms of θ.
III. EXPERIMENTAL
A. Samples
Metals of different geometries were used to compare the
numerical predictions with the interferometric experiments.
Commercial grade (purity of 99%) copper (C10100) and inox
(310S) metals were prepared in cylindrical shapes with one flat
surface polished with polycrystalline diamond compound in order to
create a high reflective surface. Copper samples were 50.8 mm and
12.7 mm in diameter and 30 mm thick. Inox samples were 50.8 mm
and 12.7 mm in diameter and 15 mm thick. The optical reflection
coefficients R of the samples were determined by measuring the

J. Appl. Phys. 128, 044509 (2020); doi: 10.1063/5.0015996
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FIG. 2. Schematic illustration of the HQLI interferometer. The system is probed
by a stabilized and linear polarized He–Ne laser at 632.8 nm with polarization
perpendicular to the table, with polarization rotated by 45 by the optical
Faraday isolator (OFI). Lj are the biconvex lenses of focal lengths fj , Mj are the
mirrors, BB is the beam blocker, BS is the beam sampler, NBS/PBS are the
nonpolarizing/polarizing beam splitters, λ=8 is the octadic-wave plate and PDx,y
are the photodiodes that detect the x,y-polarization of the laser, whose signals
are acquired by the digital oscilloscope. The reference mirror (MPZT ) is attached
to the piezoelectric transducer (PZT) controlled by the function generator. The
thermoelastic displacement is induced in the sample by the continuous wave
Gaussian beam in the fundamental mode TEM00 by an optically pumped semiconductor laser. The radii of the excitation and probe beams at the surface of
the sample are: we ¼ 646 μm and wint ¼ 154 μm, respectively.
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laser at 632.8 nm (Thorlabs, Model HRS015B, 1.2 mW), with beam
polarization perpendicular to the optical table. The optical Faraday
isolator (OFI) rotates the polarization by 45 and blocks any backreflections, preventing the laser to destabilize. Lens L1 focuses the
beam at the sample surface with a radius of wint ¼ 154 μm. The
non-polarizing beam splitter (NBS) splits the beam into the interferometer’s measurement (reflected) and reference (transmitted)
arms, evenly.
The beam in the reference arm is shifted by 90 as it passes
twice through the octadic-wave plate (λ=8), due to reflection from
the reference mirror (MPZT ), which can be displaced by the attached
piezoelectric transducer (PZT) controlled by the function generator
(Tektronix, Model AFG1022). The beam in the measurement arm
is reflected and experiences a phase shift due to (i) the displacement of the sample surface due to laser-induced thermal expansion and (ii) the TL generated in the surrounding air. The two
beams recombine and travel toward the polarizing beam splitter
(PBS). In order to maintain the same wavefront curvature at the
superposition of the two beams, the arms have to be of equal
length, 20 cm in the present study. The orthogonal projection in
the x direction (y direction) is transmitted (reflected) and reaches
the Si photodiode PDx (PDy). The two photodiodes are identical
(Thorlabs, Model PDA36A-EC) and their raw output signals are
acquired by the digital oscilloscope. As the beams recombine
while diverging, lens L5 was placed to ensure that the photodiodes
collect all the light.

scitation.org/journal/jap

equalizing the AC amplitudes to A, Eq. (14) can be rewritten as
xin (t) ¼ A sin Φ(t),

(16a)

yin (t) ¼ A cos Φ(t):

(16b)

Note the Lissajous curves of Eqs. (14) and (16) represent a
perfect circle. The OPD is accessed by

Φ(t) ¼ arctan

xin
yin


þ mπ:

(17)

In the real experimental circumstances, the signals present
nonlinearities despite of meticulous alignment. In this case, the raw
signals assume the following form:
x(t) ¼ x0 þ Ax sinðΦ(t) þ Φ0 Þ,

(18a)

y(t) ¼ y0 þ Ay cos Φ(t):

(18b)

The DC offsets x0 and y0 , AC amplitudes Ax and Ay , and the quadrature error Φ0 are known as common nonlinearities.27 The respective Lissajous curve is elliptically shaped as a result of different AC
amplitudes, Ax = Ay , and the lack of quadrature, Φ0 = 0.
The phase shift—Eq. (17)—when calculated directly from
Eq. (18), presents second order periodic errors.27 The corrected
phase, free of nonlinearities, is obtained by rearranging Eq. (18) in
the form of Eq. (16), yielding

D. HQLI signal conditioning
Consider ideal optical components, identical photodiodes with
a linear response and the two ideal voltage signals xi and yi of the
HQLI in perfect quadrature, i.e., with a relative phase shift of 90
between the photodiode signals. In this case, the two ideal signals
are given by31
xi (t) ¼

A0
(1 þ sin Φ(t)),
4

A0
[1 þ sin(Φ(t) þ π=2)]
4
A0
¼ (1 þ cos Φ(t)),
4

(14a)

yi (t) ¼



(15)

where m ¼ 0, + 1, + 2, . . . must be chosen with a proper
unwrapping algorithm to ensure the correction of the discontinuities of the arc-tangent function. By removing the DC offsets and
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(19a)

yc (t) ¼ yr (t) ¼ cos Φ(t),

(19b)

where xr (t) and yr (t) are the reduced components given by the
signals subtracted by the DC offsets and normalized by the AC
amplitudes
xr (t) ¼

x(t)  x0
,
Ax

(20a)

yr (t) ¼

y(t)  y0
,
Ay

(20b)

(14b)

where A0 stands for the voltage output if all laser light is collected
by one photodiode. The optical phase difference (OPD) Φ(t), also
simply dubbed the phase shift, given theoretically in Eq. (11), is the
sum of the OPD caused by the out-of-plane thermal expansion
[Eq. (12)] and the OPD induced by the TL [Eq. (13)]. Solving
Eqs. (14), the phase shift is

xi (t)  A0 =4
þ mπ,
Φ(t) ¼ arctan
yi (t)  A0 =4

xc (t) ¼ xr (t)ðcos Φ0 Þ1 yr (t) tan Φ0
¼ sin Φ(t),

respectively. Provided the nonlinearities are known, Eq. (19),
therefore, leads to the corrected phase

Φ(t) ¼ arctan

xr (t)
 tan Φ0
yr (t) cos Φ0


þ mπ:

(21)

There are a few signal processing methods that allow for the
determination of the five unknowns (x0 , y0 , Ax , Ay , Φ0 ). Fitting an
ellipse to the Lissajous curve is especially efficient, more so when
the total displacement does not give a full ellipse.39 For convenience,
in this paper, we made a synthetic displacement by vibrating the
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PZT in the reference arm of the HQLI to reach the maximum and
minimum values of the interferometric signals before the measurements were performed. The latter approach was employed given it is
less computationally consuming when dealing with large amounts
of transients.
Interference signals of a synthetic displacement are shown in
Fig. 3(a) and the Lissajous curve of the raw and corrected signals is
shown in Fig. 3(b). Note how the ellipse has converted into a circle.
Once the signal extremes are reached, the DC offsets and AC
amplitudes can be extracted from the raw signals simply as

scitation.org/journal/jap

Az ¼ (max(z)  min(z))=2 is used to obtain the last nonlinearity
Φ0 ¼ arcsin

 2

Az  2
:
2

(23)

Raw interference signals of an example transient are shown in
Fig. 3(c). Figure 3(d) exhibits the unwrapped phase transient.

IV. RESULTS AND DISCUSSION

The lack of quadrature Φ0 can be obtained from the extremes
of the sum of the reduced signals z ¼ xr þ yr . The amplitude

Following the laser-on/off experiment, each unwrapped
interferometric transient is recorded and over 100 transients are
averaged to produce the phase shift signal illustrated in Fig. 4 for
copper with a diameter of 50.8 mm and an excitation power
P ¼ 2 W. The exposure time ξ ¼ 250 ms was used in this example.
Continuous lines show the numerical curve fit using Eq. (11) (black).
The agreement between the theory and the experiments is very good.
The contributions to the phase shift from the surface displacement,
Φs (0, t), and the thermal lens in the air, Φf (0, t), are also presented.
The thermal lens in the air contributes around 4% to the total phase
shift. The surface displacement uz (0, 0, t) ¼ (λp =4π)Φs (0, t) is also
shown on the right-hand side scale. Note that the peak displacement
at the center of the excitation beam is less than 30 nm.
Additional experiments were performed using different excitation times ξ, and the results for ξ ¼ 20 ms and ξ ¼ 250 ms are displayed as a function of the reduced time t=ξ in Fig. 5 for copper
with different diameters. The laser-off time between each excitation
is long enough for the sample to return to its unperturbed thermal
state. The samples were excited and probed with laser beam radii
we ¼ 646 μm and wint ¼ 154 μm, respectively, at the surface of
the sample.

FIG. 3. Signal processing steps. (a) Synthetic interference signals produced by
the piezoelectric transducer for determination of the common nonlinearities. (b)
Lissajous curves from (a) corresponding to the raw (ellipse) and corrected
(circle) signals. (c) Raw interference signals obtained from the laser-induced
thermoelastic displacement and TL. Black/red line is the x/y-polarization signal
detected by PDx/PDy. (d) Unwrapped phase transient of the signals from (c).

FIG. 4. Measured time-resolved interferometric phase shift for copper with a
diameter of 50.8 mm and the excitation power P ¼ 2 W. Continuous lines show
the numerical curve fit using Eq. (11) (black) and the contributions to the phase
shift from the surface displacement (red) and the thermal lens in the air (blue).
The surface displacement uz (0, 0, t) ¼ (λp =4π)Φs (0, t) is also shown on the
right-hand side scale.

(x0 , y0 ) ¼

max(x, y) þ min(x, y)
,
2

(Ax , Ay ) ¼

max(x, y)  min(x, y)
:
2
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FIG. 5. Measured interferometric phase shift for copper with a diameter of (a)
50.8 mm and (b) 12.7 mm as a function of the reduced time, t=ξ. Continuous
lines show the numerical fits of the curves in (a) using Eq. (11). Dotted lines
(red) show the numerical predictions using the FEA with the parameters
obtained from the fits in (a).

The continuous lines in Fig. 5 show the theoretical curve fits
of the experimental phase shift transients for the sample with a
diameter of 50.8 mm—curves in (a)—to the analytical model,
Eq. (11). The same curves are shown in (b) for the sample with a
diameter of 12.7 mm. The theoretical curves are in a good agreement with the experimental transients for the larger sample.
Using the same experimental configuration, a similar behavior
was observed for the inox samples. Figure 6 shows the measured
phase shifts for the samples with different diameters and exposure
times from ξ ¼ 100 ms to ξ ¼ 5000 ms. The time axis is presented
in a log scale. The excitation power for the measurements was
P ¼ 600 mW. The continuous lines displayed in Figs. 6(a) and 6(b)
show the theoretical curve fits of the experimental phase shift transients for the sample with a diameter of 50.8 mm to Eq. (11).
When the theoretical phase shifts for the samples with a diameter
of 50.8 mm are projected over the experimental phase shifts for
the samples with a diameter of 12.7 mm, Fig. 5(b) for copper and
Fig. 6(b) for inox, the curves are in disagreement with the experimental data, especially as the exposure time increases, both for
copper (ξ ¼ 250 ms) and inox (ξ . 450 ms). This is a clear evidence
of the edge effects, or the lateral heat accumulation, contributing to
the thermoelastic deformation of the samples and the consequent
additional phase shift.
The thermal diffusivity and the parameter θ=P are retrieved
from the regression analysis. Considering only the numerical fits
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FIG. 6. Measured interferometric phase shift for inox with a diameter of (a)
50.8 mm and (b) 12.7 mm under different excitation time exposure (ξ).
Continuous lines show the numerical fits of the curves in (a) using Eq. (11).
Time is shown on a log scale. Dotted lines (red) show the numerical predictions
using FEA with the parameters obtained from the fits in (a).

over the transients for the samples with larger diameters, the
results for the thermal diffusivity are within the range of expected
values for both copper and inox,40,41 as shown in Table I. For
copper, for instance, D ranges from 116  106 m2 s1 for pure
copper to 101  106 m2 s1 for copper alloy C15500.40 Assuming
the values of αT and ν from the literature and the parameter θ
measured in this study, the thermal conductivity was calculated
and the results for both samples are also in good agreement with
the previously reported data.34
The edge effects were considered in the experimental results
by describing the dynamics of the systems using the FEA numerical
calculations. The real geometry of the samples and the sample
holders were assumed in the calculations. Figure 7 shows the temperature rise and the thermoelastic deformation calculated for inox
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TABLE I. Physical properties of the metals. Reflectivity R is 0.58 for copper and
0.60 for inox.

Material

Di
(10−6)
m2s−1

θ=P
W−1

ρcps
ki
(106)
Wm−1K−1 Jm−3K−1

ν

αT
(10−6)
K−1

Copper 105 ± 6 0.042 ± 0.001 355 ± 15 3.4 ± 0.2 0.31a 17.3a
Inox
3.6 ± 0.1 0.93 ± 0.02 15.2 ± 0.7 4.2 ± 0.2 0.29b 17.3b
Air
21.9c
0.026c
dnair/dT = −1 × 10−6 K−1 c
a

Reference 40.
Reference 41.
c
Reference 42.
b

FIG. 7. Time evolution of the temperature rise and the thermoelastic displacement for laser-on (a) and (c) and laser-off (b) and (d) excitation of inox with a
diameter of 12:7 mm with the excitation exposure time of 5 s.
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with a diameter of 12.7 mm and the thickness of 15 mm. The
sample holder, made of aluminum, is also illustrated on the same
scale. The simulations were performed using the same excitation
power as in the experiments and the physical parameters as given
in Table I. The excitation exposure time was 5 s.
The edge effects are not clearly seen during the time the sample
is excited (laser-on). However, when the laser is turned off, heat diffused rapidly throughout the material and reaches the boundaries of
the samples. The heat is also accumulated in the center of the sample
where the interferometer senses the phase shift. The heat-coupling
between the sample and the surrounding air also contributes to the
total phase shift observed experimentally. Analogously, the corresponding thermoelastic deformation of about 700 nm is observed at
the center of the excitation beam in the sample during the laser-on
excitation. The all-numerical results presented for inox in Fig. 7 was
also calculated for copper (not shown here). These simulations were
used to calculate the phase shift considering not only the real geometry of the samples, but also the finite size of the interferometer probe
beam. The dotted lines (red) in Figs. 5(b) and 6(b) show the

FIG. 8. FEA numerical calculations of the phase shift Φ(r, t) for inox with
ξ ¼ 900 ms as a function of r for different excitation laser radius (a) we ¼ 77 μm
and (b) we ¼ 1232 μm.
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numerical FEA phase shifts for copper and inox, respectively, with a
diameter of 12.7 mm. There is an excellent agreement between the
experiments and the numerical solutions for both samples.
With numerical calculations, the phase shift can be further
explored as a function of the excitation beam radius used in the
experiments. Figure 8 shows how the time-resolved phase shift is dispersed radially on the surface of inox (a diameter of 12.7 mm and
the exposure time of 900 ms). In Fig. 8(a), the shorter excitation
beam radius generates a sharp response in time and a larger phase
shift, attenuating further from the excitation origin. However, in
Fig. 8(b), the phase shift is prolonged in time and along the surface
of the sample as a result of the larger excitation spot.
Although the theoretical phase shift calculated so far assumes
an infinitely small probe beam radius capable of probing at r ¼ 0,
the real experiments are performed with a finite size probe beam
radius (wint ¼ 154 μm in this study). The finite dimensions of the
probe beam can be described by a theoretical averaged phase shift
Φavg (t) considering the Gaussian radial distribution of the interferometer probe beam as
Ð1
Φavg (t) ¼

0

Φ(r, t)exp(  2r 2 =w2int )dr
Ð1
:
2
2
0 exp(  2r =wint )dr

(24)

Figure 9 shows the effects of the excitation beam radius on the
phase shift as probed by the interferometer considering an infinitely small beam radius and the real finite size of the probe beam.
The lines show Φ(0, t) considering different excitation beam radii,
varying from we ¼ 77 μm to we ¼ 1232 μm, compared with the
respective averaged phase shift (symbols), Φavg (t), as probed by an
interferometer with wint ¼ 154 μm. The inset presents the relative
error between the phase shifts Φ(0, ξ)=Φavg (ξ) as a function of the

scitation.org/journal/jap

ratio between the excitation and the probe beam radii. Note that
the error decreases significantly as the ratio we =wint increases.
V. CONCLUSION
To summarize, we have presented a detailed theoretical and
experimental description of the edge effects on the photothermalinduced thermoelastic displacement of opaque metals detected by a
homodyne quadrature laser interferometer. Both the excitation and
the relaxation heat diffusion were investigated and compared to the
analytical and the all-numerical solutions for the heat diffusion and
the thermoelastic equations describing the phase shift on the
sample. The finite geometry of the samples was crucial in determining how the temperature was distributed across the material
and how this affected the interferometer phase shift measurements.
The optical path change due to the surface thermoelastic deformation and the thermal lens in the surrounding air was decoded from
the interferometric signal using analytical and numerical tools. The
boundary/edge effects were found to be relevant to properly describe
the interferometric signals and the tools developed in this study were
found to be applicable to describe not only the phase shift sensed by
the interferometer but also to contribute to the photothermal-based
technologies employing similar detection mechanisms.
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